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1. INTRODUCTION 
In [ 11 Wold and Whittle (W-W) propose a mathematical model that 
exhibits the Pareto law of wealth distribution in a free economy. Roughly 
speaking, this law asserts that for large fortunes the density of wealth, w, 
varies as we*-’ for some o! > 0. The W-W model assumes a highly restric- 
tive, and somewhat unrealistic, method by which estates are bequeathed or 
partitioned upon death. 
Cotter [2] has suggested a more general model, which allows a much 
wider class of methods of partitioning fortunes. The equation that results is 
a partial differential integro equation of rather unusual structure. Questions 
concerning existence and uniqueness of solutions and bounds on those 
solutions naturally arise. We investigate those matters. 
In Section 2 we provide a rather hasty derivation of the mathematical 
model, leaving the more economically relevant aspects to the forthcoming 
paper of Cotter. In fact, we deliberatedly avoid detailed discussion of the 
economic validity of various hypotheses made, confining our primary 
attention to the mathematical aspects of the model. We do provide a fairly 
detailed description of the properties of the estate partitioning function that 
occurs in the Cotter equation. It is shown that the original W-W model is 
obtained as a very special case by proper choice of this function. 
The mathematical problem is fully posed in Section 3, and the question 
of existence of the solution, in a suitable class of functions, is resolved. In 
the course of this analysis, an upper bound on the solution is derived. 
Section 4 is devoted to the question of uniqueness of the solution. Sec- 
tion 5 provides a lower bound on the solution. The upper and lower 
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bounds strongly suggest hat the solution, for a wide variety of estate par- 
titioning hypotheses, conforms to the Pareto law. 
All work through Section 5 is based on the assumption that the par- 
titioning function is differentiable. In the W-W work this is not the case. In 
Section 6 we re-examine various proofs under the milder requirement hat 
this function is only piecewise differentiable. This allows inclusion of the 
W-W model, as well as many others of possible interest. It is shown that 
all earlier results extend readily. The treatment in this section is rather 
sketchy. The somewhat onerous details are relatively easy to fill in. 
We conclude with some suggestions for further research on the analysis 
of the present model. 
2. DERIVATION OF THE EQUATION 
Throughout this paper the word “fortune” means a centrally controlled 
holding of wealth. We begin by defining a fortune density function 
f (y, t) = density of fortunes of magnitude y at time t. (2.1) 
Thus 
WY t)=I=f(yr t)dy 
W 
= total number offortunes 
greater than or equal to w at time t. (2.2) 
Since at any time t the total assets existing must be finite, we have 
s 
cc 
yf(y, t) dy < 00. (2.31 
0 
There are two basic ways in which fortunes change as t increases. 
Investments, in the broadest possible sense, provide a rather steady average 
augmentation of wealth. Bequests on death result in a more sporadic 
change. There are other infrequent and less predictable events, such as 
large winnings in a state-supported lottery or massive insurance set- 
tlements. We ignore these. 
We assume a constant rate y of return on investments. It is recognized 
that the return on investments varies with time and with the type of 
investment. The rate y is an appropriate average. We suppose y > 0. 
The manner in which estates are divided on death is probably the least 
predictable of the elements in the model. Obviously partitioning on death 
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decreases the number of fortunes by one, but other fortunes may be created 
by bequests. We assume there is a function 4 such that the density of for- 
tunes w created by the partitioning of an estate y is ~(JJ/w). The depen- 
dence of 4 on the variable y/w reflects the assumption that individuals 
distribute their estates according to relative rather than absolute wealth. 
We also suppose that d(z) is defined only for z 2 1, implying the 
hypothesis that a bequest will not be made to a “person” (it is semantically 
convenient o identify fortunes with individuals) whose assets already equal 
or exceed those of the decedent. We require that d( 1) = 0 and that 4(z) be 
bounded. 
More will be said about the function C$ as we progress. 
Finally, we let the death rate, p(, be constant. Again, historically, p has 
been a slowly decreasing function of time. Over the course of a few 
generations, the assumption of constancy seems reasonable. 
In the time interval (t, t + At) the number of fortunes greater than or 
equal to w is increased by interest on fortunes less than w at time t, 
diminished by deaths in the time interval, and increased by inheritances. 
Specifically 
N(w,t+dt)=(l-pdt)N(w(l-ydt),t) 
+ P At s,: 4 (;) f(y, t)AY +4At). 
Assuming appropriate differentiability and using (2.2) yields 
(2.4) 
Equation (2.5) is our basic conservation equation for J If we further sup- 
pose f is differentiable with respect o w and that 4’ exists, we obtain 
af - ‘;s;‘Yfb% t)+yw -g+Pf(M.. t) 
(2.6) 
(Recall that d( 1) = 0.) 
For some of our work we suppose (2.6) holds. In Section 6 the 
assumption of differentiability of 4 will be relaxed. The effect on our results 
will be small. 
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We turn now to the W-W model. There it is initially assumed that an 
estate is always partitioned into n equal parts. In our model this implies 
qqz) = nH(z -n), (2.7) 
where H is the Heaviside function. Clearly this 4 is not properly differen- 
tiable, but formally 
f)‘(z) = nqz -?I). (2.8) 
Equation (2.6) becomes 
- $(y+p)f(w, t)+yw j+f(“W. t), (2.9) 
which agrees with the W-W result. (The 6 formality may be avoided by 
working with (2.5)) The stochastic model of W-W may be derived 
similarly. The effect of estate taxes can easily be accounted for in our 
model, as in theirs, by modifying 4. 
A few more comments concerning 4 are appropriate. We shall suppose 
throughout that 4 is monotone nondecreasing. This expresses the 
likelihood that an estate will be divided so that individuals of lesser wealth 
will receive the larger bequests. 
One objection to our model is that there is no mechanism for an estate 
of values less than w to be divided in such a way as to create a fortune 
exceeding u’. Thus the phenomenon of a spouse of fortune kw, 4 < k < 1, 
inheriting the decedent’s approximately equal fortune is ignored. A more 
careful discussion than we choose to make here suggests that an 
adjustment in the value of (y + p) can be made to model this event (see 
(2.6)). Some additional comments can be found in the Appendix. 
3. FORMAL STATEMENT OF THE PROBLEM AND 
EXISTENCE RESULTS 
We assume that (2.5) and (2.6) hold only for sufficiently large fortunes, 
w>w*, and we provide no mechanism for individuals of worth less than 
w* to enter the moneyed class. It is convenient o normalize so that w* = 1. 
We suppose that at some given time, t = 0, f is given by 
f(o)=nwh w>, 1, (3.1) 
where 7, is well approximated by wP2-’ for some a > 0. We also suppose 
that f is known for all t > 0 at the “edge” of the moneyed class 
Al, t) =m t > 0. (3.2) 
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The way in which economies evolve suggests that ?* grows no faster than 
an exponential. 
Summarizing, we wish first to investigate the existence of a solution to 
(2.5) and (2.6) subject to (3.1) and (3.2) where 
o~I”,(w)dw-*-* for some CI > 0; (3.3a) 
O<T2(t) <ePt for some /I > 0. (3.3b) 
7, and 7, are supposed continuous, with 7,( 1) = f,(O). We recall that 4 is 
assumed differentiable, and further require 
0 6 O’(z) < 4 for some constant &‘, 1 < z. (3.4) 
It is convenient to define 
P(w, t) = w!(w t) (3.5) 
so that (2.6) becomes 
Now set 
F(w, t) = epy(w, t) (3.7) 
to get 
with side conditions 
F(w 0) = z,(w), w> 1, (3.9a) 
Ft‘(1, t) = 12(f), t > 0. (3.9b) 
Further 
OdZ,(w)<w-“-‘, c! > 0, 
0 6 Z2( t) G eB’r, j?‘=p+p>o. 
We write (3.8) as 
(3.8) 
(3.10a) 
(3.10b) 
(3.11) 
409 I I2 ?-IX 
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and investigate L. Observe that L has the characteristic urves 
w = Ce’f. (3.12) 
It follows at once that L, subject to (3.9), is a non-negative operator. That 
is, the solution $ to 
Lt+b=h, (3.13) 
where h > 0 is nonnegative. 
We define 
(3.14a) 
n = 1, 2, 3 )...) (3.14b) 
W’,, I= 4 n = 1) 2, 3 )..., (3.14c) 
where (3.14~) indicates that (3.9) is satisfied by each F,,. Equation (3.14b) 
is somewhat suspect since the right-hand side might diverge for some n. We 
shall shortly show that all F, are bounded by an integrable function. By the 
nonnegativity of L it follows at once that F, > 0. Further 
B(Fn + 1 -F,,)=O, n = 1) 2, 3 )... (3.15b) 
Recall that b’(z) > 0 (Eq. (3.4)). Hence, by induction 
F,+l(w ~)~lm(w, t). (3.16) 
We next show that the sequence F,, is bounded from above as asserted. 
Recall (3.4) and consider the problem 
with 
U(W,O)=A,w-l-“, & > 0, A,>@ 
u( 1, t) = A2eD2’, Pz>O, A,>& 
(3.17) 
(3.18a) 
(3.18b) 
where A,, A,, E, and fi2 are still to be selected. 
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For the moment we assume (3.17) and (3.18) have a solution U. Clearly 
F,< U. Suppose F,,<u. Then 
so that 
L(u-F,,+,)>O. (3.20) 
Now observe that 
provided we choose A, = 1 and 0 < E 6 N. Next 
~(1, t)-F,,+i(l, t)=A2eB2’--eDit> (3.22) 
provided A, = 1 and /I2 3 /I’. Combining (3.21) and (3.22) in the notation 
of (3.15b) gives 
B(u-F,+,)>O. (3.23) 
From (3.20) and (3.23) we conclude that 
Fn+l(w t)<u(w, t). (3.24) 
Before proceeding we must investigate the existence of U. Let us try 
u(w, t) = Cwep.- ‘e6’, 6 > 0, p > 0. (3.25) 
Now 
u( 1, t) = Ce6’, (3.26a) 
u(w, 0) = cw-p- l. (3.26b) 
If we select 6 = /I*, p = E, and C = 1, then (3.18) is satisfied. Substituting 
(3.25) in (3.17) gives 
S+y(-p-+-g 
P’ 
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FIGURE 1 
Figure 1 shows the two graphs 
z=6-y(p+ l), 
cl@ z=- 
P 
under the assumption that 6 > y. 
Note that apart from the restrictions E 6 c( and /I2 > p’, neither E nor /I2 is 
specified. Choose /I2 = /I’. If p2 ,< c(, then either pI or p2 is an acceptable 
value for E. If only p, < ~1, then p, must be used. 
Now suppose p1 > K Then p2 may be increased so that p1 decreases to U. 
Obviously a solution to the u problem may always be found. 
Thus F, is a monotone increasing sequence bounded from above and 
lim, + m F,,(w, t) = F(w, t) exists. We shall show that the corresponding f
satisfies (2.5). We define 
LAW, t) = ?- Fn(w, f). 
W 
Clearly lim, _ 7c j’,( w, t) = f( w, t) exists. Moreover 
afn+t -+I$ (wfn+l)+Pfn+,(w f)=-$ Jrn +)f,,,. l)YdY at w 
(3.28) 
(3.29) 
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We integrate (3.29) from w’ to W, w’ > 1, 
= -P j; ,(~)/.,(Y~ t)dy+/J j; ,($t)fAY? l)dY. (3.30) 
(The interchange of order of integration and differentiation in the first term 
is valid by virtue of the way in which the sequence f, is contructed.) 
Next, integrate (3.30) on t from t = 0 to t’, 
- yw’ j)+ I(WT, t)dt + P il” dt jWfn+ ,(w, t) dw MI’ 
= -~j~‘dtjwCm(&)f,(r,t)d)+i(jlidfj,::~(~)/n(~.t)d~. (3.31) 
We may now use the Lebesgue dominated convergence theorem to get 
Cf(w, t’)dw-j?,(y)dy+i’Wj;‘f(W, t)dt-yw’ j;‘f(w’, t)dt 
w.’ 
+p j;’ dt jWf(w, t) dw 
H.’ 
= -p j;’ dt j,” 4 (5) f(y, t) dy + P j; dt j; 4 (5) f(y, t) dy. 
(3.32) 
Recall that F,, 1(w, t) 6 U(W, t) (see (3.24) and (3.25)). Thus 
f(w, t)<&+P)fw--2-&. (3.33) 
Allow W + cc in (3.32), and replace w’ by w, 
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Thus, since the integrals are differentiable with respect o t’, 
(3.35) 
Therefore f satisfies (2.5). That it also satisfies (3.1) and (3.2) follows from 
the construction of {F,}. 
We have shown the following. 
THEOREM 1. Let q5 be nonnegative, bounded, and with a nonnegative 
bounded derivative. Then there exists a solution f to (2.5) satisfying the con- 
ditions f(1, t)=r*(t), f(w,O)=?l(w) provided ~,(w)<I+~‘-‘, G(>O, and 
TI( t) < e@, /I > 0. Moreover, 0 6 f( w, t) < eCpzP p)r/w2 + ‘, for some /I2 > j + 1-1 
and some positive E < CC 
4. UNIQUENESS RESULT 
We shall now show that the function f found in Theorem 1 is unique in 
the class of integrable functions satisfying the given bound. We suppose 
two solutions f, and fi and define 
Then 
d(w, t)=f1(w, t)-f*(w, t). (4.1) 
d(w,O)=d(l, t)=O, w21, t>,O, (4.2b) 
We take the Laplace transform of d with respect o t 
(4.2~) 
A(w, s) =p d(w, t) e--“’ dt, s > j?” > j?‘, (4.3) 
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and make use of Fubini’s theorem to get 
and 
d(1, s)=O. 
Hence 
(4.4a) 
(4.4b) 
(4.5) 
Equation (4.5) can be rewritten, after a bit of manipulation, 
t-3 m 
f (w”4 = 5 jw, d’ (3 yd(y, s) dy, <= 1 +f-;. (4.6) 
Integrating and using (4.4b) yields 
dd(w, s) = ; jlw zr ~ 3 dz jr c$’ (5) A( y, s) y dy. 
Here we have assumed s sufficiently large that r - 3 > 0, or s > (2 + P) y. 
We wish to show that d = 0. Assume 
sup{w Id(w,s)\) =M>O, w>,l, s>(2+p)y, (4.8) 
and recall that 4’20. From (4.7) 
where 4 is the bound on d(z). Thus 
MK 
w Id(w, s)l d-------. 
(5- 1) 
(4.10) 
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The supremum of the left-hand side of Eq. (4.10) is M. Moreover, we have 
noted (see (4.3)) that s z=- /I” > p’. Thus 
But /I” may be chosen as large as we wish, so that M = 0. If follows readily 
that 
d(w, s) - 0 (4.12) 
and so 
d(w, I)-0. (4.13) 
We have proved the following theorem. 
THEOREM 2. The function f (w, t) in Theorem 1 is the unique solution to 
(2.5) under the stated conditions. 
5. A LOWER BOUND ON THE SOLUTION AND 
SOME REMARKS ON ASYMPTOTIC BEHAVIOR 
A lower bound on f is easy to obtain explicitly by simply computing Fr 
(see (3.14)). Thus 
$+yw $$o, (5.la) 
F,(w 0) = Z,(w), (5.lb) 
F,(l. t)=ZJf). (5.k) 
If I, is differentiable then 
F,(w, t) = Z,(weCry) for w > ey’. (5.2) 
Thus from (3.28) and the monotonicity of (F,) 
e-P” 
f(w, t) a- Z,(weC”) for w > eyr. (5.3) 
W 
The case Z,(w) = w PDL ’ is of special interest. For fixed t = f0 and w > eyro, 
Eq. (5.3) becomes 
,-pro (,-w-.-I 
f(w, to) a---- W Wl+a 
(5.4) 
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Combining (3.33) and (5.4) we find, for w > era?, 
,Ca-fl+l)lo e(P2-~k 
W2+a <f(w, to) G-p- (5.5) 
Thus 
lim w2+=y(w, to) = 00, CI’ > ci, (5.6a) 
w-00 
lim w2 +‘lf( w, to) = 0, E’<E. (5.6b) 
W’co 
Equation (5.6) does not provide a true asymptotic result. However, it 
indicates that for fixed t the w-behavior of f is “power-like” provided the 
initial wealth distribution follows the Pareto law. 
6. RELAXATION OF DIFFERENTIABILITY CONDITION ON 4 
We have consistently supposed that 4 is everywhere differentiable, 
although it has been noted that in the original W-W model this is not the 
case (see Sect. 2). In this section we consider the case of nondifferentiable 4. 
More specifically, we allow 4 to have jump discontinuities at which both 
left and right derivatives exist. To simplify the analysis we consider 
precisely one such discontinuity. Generalization to any finite number of 
such points is easy. Denumerably infinite sets of discontinuities (with limit 
point at infinity) can also be handled under certain further restrictions. 
The modifications necessary in our analysis are not great. We shall 
therefore merely sketch the changes needed. 
Let us suppose that 4(z) has a jump discontinuity at z = c of magnitude 
J> 0 and that the right and left derivatives exist at c. In going from (2.5) to 
(2.6) we now find 
(6.1) 
Using (3.5) and (3.7) gives 
;+ yw $=$ F(wi, t) +; J: 4’ (;) F(y, t) dy, (6.2) 
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which agrees with (3.8) except for the “jump” term. If one now defines 
F,,-0, 
and requires that (3.10) holds, it is readily verified that IF,,} is a monotone 
sequence bounded above by u(w, t), where u(w, t) solves 
Lu=;Ju(w[,t)+$6’j= u(y,t)dy. (6.4) 
w 
The form (3.25) now yields the condition (comparable to (3.27)) 
S+y(-p-l)=/J[ p Z+$. 
While the case J> 0 is a bit more complicated than that dealt with in Sec- 
tion 3, the same conclusions are easily reached. 
Only the uniqueness remains to be considered. Equation (4.6) is replaced 
by 
d(1, s)=O. (6.6) 
The additional term on the right makes no significant change in the 
analysis presented in Section 4. We carry the matter no further. 
7. SUMMARY 
We have discussed the extension of the Wold-Whittle model as proposed 
by Cotter and demonstrated that under very reasonable conditions the 
solution exists and is unique. Moreover, if the distribution of wealth 
initially obeys the Pareto law, then that distribution evolves in a fashion 
that is compatible with the law. 
Lacking in our analysis is an asymptotic estimate of the wealth dis- 
tribution for fixed time. None has been obtained. Nor have any numerical 
computations been attempted. Both such efforts should be made to further 
test the validity of the model. 
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APPENDIX 
At the end of Section 2 it was noted that our model does not provide for 
a person of worth less than w to move into the class of individuals of worth 
exceeding w by inheritance from a decedent whose total estate is less than 
w. For example, this event can occur when a spouse receives all or most of 
the estate of the decedent of roughly equal wealth. We investigate this 
situation. 
The problem may be cared for directly by defining 4(z) for all z > 0. In 
that event (2.5) is replaced by 
an equation that we cannot handle by our methods. 
Obviously, the difficulty lies in the new term 
(AlI 
t-42) 
Let us assume that d(y/w) is very small for y near zero, and that it rises 
rather sharply in the vicinity of y = w. Thus 4 may be shaped as shown in 
Fig. Al. 
FIGURE Al 
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An approximation of d by a weighted S-function at z = 1 seems reasonable. 
Thus 
2:w o1 k6(1 -z)f( I wz, t) dz = kwf(w, t). (A3) 
If one accepts this reasoning the term ywf(w, t) in (Al) is replaced by 
(y + k) wf(w, t), and the resulting equation is identical to the one we have 
studied except that the effective interest rate is now y + k. 
This may be viewed in another way. Interest on investments pushes 
people gradually into a new wealth class. Many inheritances have a much 
more dramatic effect. But the kind of inheritance currently under discussion 
is not of this dramatic variety. Rather, there is a relatively small change 
from a fortune a bit less that w to one a bit more. Thus, the basic effect is 
that of an increase in the interest rate, as our mathematical analysis 
suggests. 
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